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Abstract
We show that a positive density of elliptic curves over a number ﬁeld counted using their
short Weierstrass equations belong to a given Weierstrass class and in particular, a positive
density of elliptic curves have a global minimal Weierstrass equation. The density is given by
a ratio of partial zeta functions of the number ﬁeld K evaluated at 10 with some extra factors
for the bad primes.
© 2004 Elsevier Inc. All rights reserved.
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1. Introduction
Let K be a number ﬁeld, E an elliptic curve over K given by a Weierstrass equation
y2 + a1xy + a3y = x3 + a2x2 + a4x + a6 (1)
with discriminant  and a1, a2, a3, a4, a6 ∈ OK . Such an equation is a global minimal
Weierstrass equation for E/K if the discriminant has minimal valuation at each non-
Archimedean prime. In this paper, we study what fraction of elliptic curves over K
have a global minimal equation. For each non-Archimedean valuation v ∈ M0K , let Kv
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be the local ﬁeld which is the completion of K at v. For each such v we can ﬁnd a
Weierstrass equation for E over Kv
y2v + a1,vxvyv + a3,vyv = x3v + a2,vx2v + a4,vxv + a6,v (2)
with a1,v, a3,v, a2,v, a4,v, a6,v ∈ Ov such that the discriminant v has minimal valuation.
The minimal discriminant of E/K is deﬁned to be the integral ideal
DE/K =
∏
v∈M0K
pv(v)v ,
where pv is the prime ideal associated to v. Thus, a global minimal Weierstrass equation
for E/K is one where () = DE/K . Let
x = u2vxv + rv, y = u3vyv + svu2vxv + tv
be the change of coordinates producing Eq. (2) from Eq. (1). The Weierstrass class of
E/K is the class of the ideal
a =
∏
v∈M0K
p−v(uv)v
in the class group HK of K. It is well known [6, p. 225] that E/K has a global minimal
Weierstrass equation if and only if the Weierstrass class of E/K is trivial. In particular,
if K has class number 1 then E will always have a global minimal Weierstrass equation.
In general, Silverman [5] has shown that for every C in the ideal class group of K there
exists an elliptic curve E/K whose Weierstrass class equals C. This problem is similar
to the existance of a relative integral basis for a quadratic extension of a number ﬁeld
K. Fröhlich [2] has shown that this problem is also equivalent to the triviality of a
certain ideal class in K. In this paper we will look at the density of elliptic curves over
a number ﬁeld whose Weierstrass class equals a particular C.
Theorem 1. Let K be a number ﬁeld and let C be an ideal class in the ideal class
group of K. For A,B ∈ OK , let
H ([A,B, 1]) =
∏
v
max {|A|v , |B|v , 1}
be the usual height on projective space. Let N (C, t) be the number of A,B ∈ OK such
that y2 = x3 + Ax + B deﬁnes an elliptic curve with a in C and H ([A,B, 1])  t
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and let D (t) = ∑
C
N
(
C, t
)
. Then the asymptotic density of elliptic curves having
Weierstrass class equal to C is given by
lim
t→∞
N
(
C, t
)
D (t)
= 1
hKK (10)
∑
D
K
(
D, 10
)
fK
(
CD
)
,
where K (s) is the Dedekind zeta function, K
(
D, s
)
is the partial zeta function for
an ideal class D of K, the sum is over all ideal classes and the constants fK
(
D
)
are real numbers deﬁned in Proposition 10 which can be calculated using at most the
ﬁnitely many primes of K dividing 6. Moreover, this density is a positive number for
any class C.
There are many cases in which fK
(
D0
) = hK for the trivial class D0 and zero
otherwise. For example, this true if every prime above 2 is principal and every ramiﬁed
prime above 3 is principal, in which case we have a much simpler formula for the
density given by
K
(
C−1, 10
)
K (10)
,
where K
(
C, s
)
is the partial zeta function summing over ideals in C only.
We begin by ﬁnding local conditions for the values v (uv). Then we will count
equations which have a equal to a ﬁxed m and then we will sum over all m in the
given ideal class and calculate the density. Finally we will do an example.
2. Local characterization
Let K be a local ﬁeld with valuation v, valuation ring O and maximal ideal p. We
will assume that the characteristic of K is not equal to 2 or 3. Let A,B ∈ O deﬁne
an elliptic curve
E : y2 = x3 + Ax + B (3)
over K. Let
y2 + a1xy + a3y = x3 + a2x2 + a4x + a6 (4)
be a minimal equation for E and
x = u2x + r, y = u3y + sux2 + t (5)
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with u, r, s, t ∈ O be the change of variables from (3) to (4). Then v (u) depends only
on A and B and is independent of the particular minimal equation [6, Chapter VII,
Proposition 1.3(b)]. Let f to be the function that assigns the non-negative integer v (u)
to a pair A,B ∈ O as described above. For an integer b1 and any integer k0, let Ck
be the image of f−1 (k) under the natural surjection O×O → O/p6(k+b)×O/p6(k+b).
Then by deﬁnition
f (A,B) = k ⇒ (A¯, B¯) ∈ Ck
and if b is chosen carefully, the converse will also hold as the next proposition shows.
Proposition 2. Let K be a local ﬁeld with valuation v, valuation ring O and maximal
ideal p. There exists an integer b1 depending on the ﬁeld K such that
f (A,B) = k ⇔ (A¯, B¯) ∈ Ck,
where the sets Ck are deﬁned above. We can always take b = 1 + 5v(2) + 2v(3)
although sometimes a smaller value will sufﬁce.
Proof. Let b = 1+ 5v(2)+ 2v(3). For any k0, we need to show that f (A,B) = k,
A ≡ A′ mod p6(b+k) and B ≡ B ′ mod p6(b+k) implies f (A′, B ′) = k. So assume
f (A,B) = k. This means there exists a change of variables as in Eq. (5) with v (u) =
k. With this change of variables the a1,..,a6 in Eq. (4) are given by
a1 = 2s
u
, a2 = 3r − s
2
u2
, a3 = 2t
u3
,
a4 = A+ 3r
2 − 2st
u4
, a6 = B + Ar + r
3 − t2
u6
.
Since A ≡ A′ mod p6(b+k) there exists  ∈ p6(b+k)such that A′ = A+  and similarly
there exists  ∈ p6(k+b) such that B ′ = B + . Then the same change of variables
applied to
y2 = x3 + A′x + B ′ (6)
gives
y2 + a′1xy + a′3y = x3 + a′2x2 + a′4x + a′6 (7)
with
a′1 = a1, a′2 = a2, a′3 = a3, a′4 = a4 +

u4
, a′6 = a6 +
+ r
u6
.
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Now, a′1, a′2, a′3 ∈ O since a1, a2, a3 are. For the last two
v
(
a′4
)
 min {v (a4) , v ()− 4v (u)} 0
since v ()− 4v (u) 6 (k + b)− 4k0 and
v
(
a′6
)
 min
{
v (a6) , v
(
+ r)− 6v (u)} 0
since v
(
+ r)−6v (u) 6 (k + b)−6k0. All of this implies that the new equation
has coefﬁcients in O and hence f
(
A′, B ′
)
k. If f
(
A′, B ′
)
> k, then there would
exist a change of variables this time for Eq. (6) with v (u) = k + 1 resulting in an
equation with coefﬁcients a′i in O. Then we claim that the same change of variables
applied to Eq. (3) would have integer coefﬁcients. Similar to the above situation the
only ones we need to check are a4 and a6 because the others are the same in both
equations. Using the fact that b1 we have
v (a4) = v
(
a′4 −

u4
)
 min
{
v
(
a′4
)
, v ()− 4v (u)} 0
since v ()− 4v (u) 6 (k + b)− 4 (k + 1) = 2k + 6b − 40 and
v (a6) = v
(
a′6 −
+ r
u6
)
 min
{
v
(
a′6
)
, v
(
+ r)− 6v (u)} 0
since v
(
+ r)−6v (u) 6 (k + b)−6 (k + 1) = 6 (b − 1) 0 contradicting f (A,B)
= k. Therefore f (A′, B ′) = k and we are done. 
Remark 3. From now on when we write
(
A¯, B¯
) ∈ Ck , it is understood that b is the
integer in Proposition 2.
Proposition 4. Let K be a local ﬁeld and b and the Ck be deﬁned as above. Let ck
be the number of elements in Ck . Then, for kb − 1 we have
ck = cb−1Np2(k−b+1).
Proof. Fix a uniformizer . For each kb − 1 deﬁne the map
k : Ck → Cb−1
(A,B)→
(
A4(b−1−k), B6(b−1−k)
)
.
First of all, this map can be deﬁned because f (A,B) = k implies that the Weierstrass
equation y2 = x3+Ax+B has v (c4) 4k and v (c6) 6k. Since c4 = −48A and c6 =
−32·9B we have 4v (2)+v (3)+v (A) 4k and 5v (2)+2v (3)+v (B) 6k. By choice of
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b we have v (A)+4 (b − 1− k) 3 (b − 1) 0 and v (B)+6 (b − 1− k) 5 (b − 1) 0.
The map is well-deﬁned since
A ≡ A′ mod p6(k+b) ⇒ A4(b−1−k) ≡ A′4(b−1−k) mod p2k+10b−4
⇒ A4(b−1−k) ≡ A′4(b−1−k) mod p6(2b−1)
and
B ≡ B ′ mod p6(k+b) ⇒ B6(b−1−k) ≡ B ′6(b−1−k) mod p6(2b−1).
It is also onto because for (A,B) ∈ Cb−1 we have
(A,B) = k
(
A4(k−b+1), B6(k−b+1)
)
.
Finally, k is Np2(k−b+1) to 1 because
A4(b−1−k) ≡ A′4(b−1−k) mod p6(2b−1) ⇒ A ≡ A′ mod p8b+4k−2,
B6(b−1−k) ≡ B ′6(b−1−k) mod p6(2b−1) ⇒ B ≡ B ′ mod p6(k+b)
and 6 (k + b)− (8b + 4k − 2) = 2 (k − b + 1) ﬁnishing the proof. 
Remark 5. If b = 1 the situation is very simple since for all k0 we have ck =
c0 ·Np2k . If Char(O/p) = 2, 3 then b = 1 since y2 = x3 +Ax +B is minimal if and
only if v (A) < 4 or v (B) < 6. In this case
c0 = #
( {(A,B) ∈ O ×O : v (A) < 4 or v (B) < 6}
p6 × p6
)
= Np12 − #
( {(A,B) ∈ O ×O : v (A) 4 and v (B) 6}
p6 × p6
)
= Np12 − #
(
p4
p6
× p
6
p6
)
= Np12 −Np2
= Np12
(
1−Np−10
)
.
3. Counting
In this section we want to count the elliptic curves over a ﬁxed number ﬁeld K
which have a global minimal Weierstrass equation. Let K be a number ﬁeld with
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ring of integers OK . Since any elliptic curve over a number ﬁeld can be given by a
Weierstrass equation of the form
y2 = x3 + Ax + B
with A,B ∈ OK we will do this by counting the pairs (A,B). Therefore, we need
a way to count pairs of integers. The most natural method is the use of the height
function H ([A,B, 1]). Also, the argument in the previous section shows that we will
have to do counting modulo some congruences. Although we only need to count pairs,
we will be more general and count d-tuples, the result of which is Proposition 7. Then
we will use this with d = 2. The following lemma will be used in estimating the error
term in the counting function.
Lemma 6. Let K be a number ﬁeld of degree n = r1 + 2r2 and let a be an integral
ideal. Let j be the canonical embedding of K into its Minkowski space Rr1 ×Cr2 . Then
j (a) has a basis whose fundamental domain F has the property that
diameter (F ) = sup
x,y∈F
|x − y| CKNa1/n,
where CK is a constant depending only on n and the discriminant dK of K.
Proof. Let v1, . . . , vn be a basis constructed by choosing v1 = 0 such that |v1| is mini-
mal and given v1, . . . , vi choose vi+1 with minimal length such that the set v1, . . . , vi+1
is linearly independent. Then
sup
x,y∈F
|x − y| 
n∑
i=1
|vi | n |vn| .
Let i ,
(
i , ¯j
)
be the real and pairs of complex embeddings of K. For any non-zero
vector v we have
∣∣∣v2∣∣∣ = |j (a)|2 = r1∑
i=1
i (a)2 +
r2∑
j=1
∣∣j (a)∣∣2
 1
2
∑

| (a)|2,
where in the last sum  runs through all embeddings of K into C. Using the fact that
the arithmetic mean is greater than or equal to the geometric mean we get that
|v| √n/2Na1/n.
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Using
|v1| · · · |vn| C
√|dK |Na
[1, p. 205] where C is a constant depending only on n we have
|vn|  C
√|dK |Na
|v1| · · · |vn−1|
C
√|dK |Na1/n
(n/2)(n−1)/2
.
We have the result with CK = Cn
√|dK |
(n/2)(n−1)/2 . 
Proposition 7. Let K be a number ﬁeld of degree n = r1 + 2r2. Let r = r1 + r2 − 1
be the rank of its unit group. Given an integer d1, integral ideals a1, . . . , ad of K
and a1, . . . , ad ∈ OK let
H ([A1, . . . , Ad, 1]) =
∏
v∈MK
max {|A1|v , . . . , |Ad |v , 1}
be the usual height on projective space and let F (a1, . . . , ad , t) be the number of
elements in
{
(A1, . . . , Ad) ∈ OdK : Ai ≡ ai mod ai for 1 id,H ([A1, . . . , Ad, 1])  t
}
.
Then,
F (a1, . . . , ad; t) = CK,d VolR (t)
Na1 . . . Nad
+ O
(
Vol R (t)
Na1 . . . Nad
d∑
i=1
Na
1/n
i
)
,
where R (t) is the region in Rr1 × Cr2 given by
R (t) =
r1∏
i=1
max {|xi1| , . . . , |xid | , 1}
r2∏
j=1
max
{
u2j1 + v2j1, . . . ,u2jd + v2jd , 1
}
 t
and R (t) is its boundary and the constants depend only on the ﬁeld K and d.
Proof. Each ai is a complete lattice 	i in Rn. Then 	 = ⊕	i is a complete lattice in
Rnd . The d-tuples (A1, . . . , Ad) we want to count make up the translate of the lattice 	
by (a1, . . . , ad). So we want to count the number of lattice points l such that l ∈ Ra(t)
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where Ra(t) is the region R (t) shifted by the image of a = (a1, . . . , ad). Following
Lang [3, p. 225], the number of lattice points in R (t) is given by VolR (t) /VolF
where F is a fundamental domain for the lattice 	 with an error term counting the
number of lattice points l such that the translate of F+ l intersects the boundary R (t).
Each 	i has volume of a fundamental domain given by
√|dK |Nai hence the volume
of a fundamental domain for 	 is |dK |d/2Na1 · · ·Nad which gives us the main term
with CK,d = |dK |−d/2. For the error term, if F + l intersects the boundary for some
l ∈ 	 then F + l is in the set
T
(

, R (t)
) = {x ∈ Rnd : distance from x to R (t) 
}
with 
 = diameter(F ). The number of such l is less than or equal to the volume
of T
(

, R (t)
)
divided by the volume of F. Since diameter (F ) 
∑
i
diameter
(
Fai
)
,
Vol
(
T
(

, R (t)
)) = O (
Vol R (t)) and the argument is still valid if we shift the
region R (t) using Lemma 6 we have the result. 
Remark 8. It is tedious but easy to show that the volume of the region R (t) is given by
Ctd (log t)r + O
(
td (log t)r−1
)
and the volume of its boundary is
Dtd (log t)r−1 + O
(
td (log t)r−2
)
,
where C and D are constants depending on d, r1, r2.
In the next proposition we will have to look at (A,B) modulo different prime powers.
To show the dependence on the prime we will replace Ck, ck, b deﬁned in Section 2
with Cpk , c
p
k , bp.
Proposition 9. Let K be a number ﬁeld of degree n, R (t) be the region deﬁned in
Proposition 7 and R (t) its boundary. For an ideal m ⊂ OK , let mp = vp (m) and let
G(m, t) = #
{
(A,B) : (A¯, B¯) ∈ Cpmp for all p, H ([A,B, 1])  t} .
Then
G(m, t) = CK (K) f (m)VolR (t)+ O
(
g (m)Vol R (t)
)
,
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where CK is the constant CK,2 from Proposition 7,
 (K) = K (10)−1
∏
bp>1
c
p
0(
1−Np−10)Np12bp ,
f (m) = 1
Nm12
∏
p|m
c
p
mp
c
p
0
and
g (m) =
∏
p|m
(
c
p
mp
Np6(bp+mp)(2−1/n)
)(
1+ Np
12bp − cp0
Np6bp(2−1/n)
)−1
,
where bp is deﬁned in Proposition 2 and 1bp1+ 5vp (2)+ 2vp (3).
Proof. Let S be a set of primes not dividing m. Deﬁne F (S,m; t) to be the number
of pairs (A,B) with H ([A,B, 1])  t such that
(
A¯, B¯
)
for all Cpmp∀p|m
and
(
A¯, B¯
)
for all Cpmp∀p ∈ S.
Note that mp = 0 for p ∈ S. By the inclusion–exclusion principle we have
G(m, t) =
∞∑
i=0
(−1)i
∑
#S=i
F (S,m; t).
This sum is actually ﬁnite because for i large enough, S will contain a prime p not divid-
ing 2 or 3 with Np > t1/6. Since for
(
A¯, B¯
) ∈ F (S,m; t) we have (A¯, B¯) /∈ Cp0 Eq. (3)
will not be minimal at p which means that vp (A) 4 and vp (B) 6 as shown in the
proof of Proposition 4. Then we will have H ([A,B, 1]) max{N (A) ,N (B)}Np6
> t implying F (S,m; t) = 0. Now we apply Proposition 7 with a1 = a2 = a where
a =
∏
p|m or p∈S
p6(bp+mp).
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Since we have
a (m, S) =
∏
p|m
c
p
mp
∏
p∈S
(
Np12bp − cp0
)
equivalence classes we get
F (S,m; t) = a (m, S)
(
CKVolR (t)
Na2
+ O
(
Vol R (t)
Na2−1/n
))
.
For the main term in G(m, t) we need to calculate
∞∑
i=0
(−1)i
∑
#S=i
a (m, S)
Na2
.
Since S and m are relatively prime the sum above is given by
∏
p|m
c
p
mp
Np12(bp+mp)
∏
pm
(
1− Np
12bp − cp0
Np12bp
)
which can also be written as
∏
p|m
c
p
mp
c
p
0Np
12mp
∏
p
(
c
p
0
Np12bp
)
.
The inﬁnite product on the right converges since from Remark 5 for all but ﬁnitely
many p we have cp0 = Np12
(
1−Np−10) and bp = 1. It is given by
 (K) = K (10)−1
∏
bp>1
c
p
0(
1−Np−10)Np12bp . (8)
For the error term we need the sum
∞∑
i=0
∑
#S=i
a (m, S)
Na2−1/n
which is given by
∏
p|m
c
p
mp
Np6(bp+mp)(2−1/n)
(
1+ Np
12bp − cp0
Np6bp(2−1/n)
)−1∏
p
(
1+ Np
12bp − cp0
Np6bp(2−1/n)
)
.
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To show the inﬁnite product converges we reason as above and look at all primes with
bp = 1. We get that
∏
bp=1
(
1+ 1
Np6(2−1/n)−2
)
converges since 6 (2− 1/n)− 2 > 1. Since it is a constant depending only on the ﬁeld
K we omit it in writing the error term and we have the result. 
For A,B ∈ K we deﬁne an ideal a (A,B) = ∏
p
pfp(A,B) where fp (A,B) is the
function in Proposition 2. Note that fp (A,B) = 0 for all but ﬁnitely many p. By
deﬁnition its class is the inverse of the Weierstrass class of the curve given by Eq. (3).
With this new deﬁnition we can rewrite G(m, t) from Proposition 9 as
G(m, t) = # {A,B : a (A,B) = m, H ([A,B, 1])  t} .
Proposition 10. Let K be a number ﬁeld with class number hK and let C be an ideal
class in the class group of K. Let C (C, t) be the number of integers A,B ∈ K with
H ([A,B, 1])  t and a (A,B) in C. Then,
C
(
C, t
) = CK VolR (t)
hKK (10)
∑
D
K
(
D, 10
)
fK
(
C−1D
)
+ O (Vol R (t)) , (9)
where fK
(
D
)
is a real number deﬁned below for any ideal class D which can be
calculated using information on the class group and ﬁnitely many primes of K.
Proof. Let G(m, t), g (m), and f (m) be deﬁned as in Proposition 9. We want to
calculate
C
(
C, t
) = ∑
m∈C
G(m, t) . (10)
For the main term we need
∑
m∈C
f (m)
which can be rewritten using orthogonality of character sums as
1
hK
∑
∈HˆK
∑
m

(
mC−1
)
f (m) ,
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where the sum is over all characters on the ideal class group of K. In order to calculate
∑
m
 (m) f (m) =
∏
p
( ∞∑
k=0

(
pk
)
c
p
k
Np12kc
p
0
)
,
we separate the ﬁnitely many primes with bp > 1 and sum using Proposition 4 and
Remark 5 and get
L (, 10)
∏
bp>1
1
c
p
0

(1−  (p)
Np10
) bp−2∑
k=0

(
pk
)
c
p
k
Np12k
+
c
p
bp−1
(
pbp−1
)
Np12(bp−1)

. (11)
Substituting this into Eq. (10) and using Eq. (8) we have
CKVolR (t)
hKK (10)
∑


(
C−1
)
L (, 10) eK (),
where
eK () =
∏
bp>1
(
1−Np−10)−1
Np12bp
×

(1−  (p)
Np10
) bp−2∑
k=0

(
pk
)
c
p
k
Np12k
+
c
p
bp−1
(
pbp−1
)
Np12(bp−1)

 (12)
for the main term. We can write L (, 10) as
L (, 10) =
∑
D

(
D
)
K
(
D, 10
)
,
where the sum is over all ideal classes D and K
(
D, s
)
is the partial zeta function.
Summing over all the characters we have the desired result with fK
(
D
)
being deﬁned
by
fK
(
D
) =∑


(
D
)
eK () (13)
for any ideal class D. Since the conjugate of a character is its inverse, we immediately
see that fK
(
D
)
is a real number for any ideal class D. For the error term we need to
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calculate
∑
m
g (m) =
∏
p
(
1+
∞∑
k=1
g
(
pk
))
.
Since we are only interested in convergence it sufﬁces to take the product over all but
ﬁnitely many primes, so we can discard the primes with bp > 1. Then the product
becomes
∏
bp=1

1+
(
1+ Np
12 − cp0
Np6(2−1/n)
)−1 ∞∑
k=1
c
p
0Np
2k
Np6(k+1)(2−1/n)


which after summing up the geometric series is given by
∏
bp=1
(
1+
(
1+ 1
Np12(2−1/n)−4
)−1 (1−Np−10)
Np12(2−1/n)−14
)
.
This product converges since 12 (2− 1/n) − 144. So the error term has a
constant depending only on the number ﬁeld K. Substituting (11) into (10) we have the
result. 
Theorem 11. Let K be a number ﬁeld and let C be an ideal class in the ideal class
group of K. Let N (C, t) be the number of A,B ∈ OK such that y2 = x3 + Ax + B
deﬁnes an elliptic curve with a in C and H ([A,B, 1])  t and let D (t) =
∑
C
N
(
C, t
)
.
Then the asymptotic density of elliptic curves having Weierstrass class equal to C is
given by
lim
t→∞
N
(
C, t
)
D (t)
= 1
hKK (10)
∑
D
K
(
D, 10
)
fK
(
CD
)
, (14)
where K (s) is the Dedekind zeta function, K
(
D, s
)
is the partial zeta function for
an ideal class D of K, the sum is over all ideal classes,
fK
(
D
) =∑


(
D
)
eK ()
with eK () deﬁned by Eq. (12) above. Moreover, this density is a positive number for
any class C.
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Proof. Let d (t) = # {A,B ∈ OK : 4A3 + 27B2 = 0, H ([A,B, 1])  t}. Then it is clear
that
N
(
C, t
) = C (C−1, t)+ O (d (t)) ,
where C
(
C, t
)
is the counting function deﬁned in Proposition 10 and
D (t) = F (OK,OK ; t)+ O (d (t)) .
Since
d (t) = O
(
#
{
 ∈ OK : H
([
−32, 23, 1
])
 t
})
= O
(
#
{
 ∈ OK : H
([
3, 1
])
 t
})
= O
(
t1/3 (log t)r
)
using Proposition 7 and Remark 8 we have
D (t) = CKt2 (log t)r + O
(
t2 (log t)r−1
)
and from Proposition 10 together with Remark 8 again we have
N
(
C, t
) = CKt2 (log t)r
hKK (10)
∑
D
K
(
D, 10
)
fK
(
CD
)+ O (t2 (log t)r−1) .
Taking the limit as t goes to inﬁnity of the quotient we get the result. In order to prove
that it is indeed a positive number, we need to remember how we got this formula.
The result given by Eq. (14) is actually
 (K)
∑
m∈C−1
f (m).
Here  (K) is clearly positive. As for the sum, let p be any prime not dividing 6 in the
class C−1. Then a lower bound for
∑
m∈C−1 f (m) is given by f (p) = Np−10 which
proves that the result must be positive for any ideal class. 
Although the result given by Eq. (14) is a complicated expression, in some cases it
can be simpliﬁed. The next proposition limits the primes we must consider for eK ()
appearing in the formula for the constants fK
(
D
)
.
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Proposition 12. If bp > 1 for some prime p then either p|2 or p|3 and vp (3) > 1.
Moreover, if  (p) = 1 then we can exclude the p factor from the product for the
quantity eK () deﬁned in Proposition 10.
Proof. As we mentioned in Remark 5, bp > 1 implies p|2 or p|3. If p|3 and vp (3) =
1 an easy application of Tate’s algorithm [7] shows that the Eq. (3) is minimal if
vp (A) < 4 or vp (B) < 6 which implies that bp = 1. If we undo the sum of the
geometric series appearing in eK () we can see that each term of the product is given
by
(
1−Np−10)(
1− (p)
Np10
) ∞∑
k=0

(
pk
)
c
p
k
Np12(bp+k)
.
If  (p) = 1 then it reduces to
∞∑
k=0
c
p
k
Np12(bp+k)
= 1 (15)
since
(
A¯, B¯
) ∈ Cpk for some k. 
Corollary 13. Let K be a number ﬁeld such that all primes above 2 are principal and
such that all ramiﬁed primes above 3 are principal. Then the density of elliptic curves
over K having a global minimal equation is given by
K
(
C0, 10
)
K (10)
,
where C0 is the class of principal ideals.
Proof. In this case eK () is the empty product for any  and the only non-zero fK
(
D
)
is with D = C0 which is fK
(
C0
) = hK . 
4. Examples
Let K = Q
(√
65
)
. The ﬁeld K has class number 2, the prime 3 is unramiﬁed, and
the prime 2 splits into two non-principal primes. By Proposition 12 we only need to
consider the primes p above 2 to calculate eK (). In the following lemma we determine
the minimality conditions of Eq. (3) at the primes p|2.
Lemma 14. The equation y2 = x3+Ax+B where A,B ∈ Op is minimal at p unless
vp (A) 4 and vp (B) 6 or vp (A) 4 and vp (B − 16) 6. When vp (A) 4 and
E. Bekyel / Journal of Number Theory 109 (2004) 41–58 57
vp (B − 16) 6, there exists a change of variables with vp (u) = 1 resulting in a
minimal equation.
Proof. If vp (A) 4 and vp (B) 6 the equation is obviously not minimal. So assume
vp (A) < 4 or vp (B) < 6. Since 2 is unramiﬁed, we can take 2 as a uniformizer. In the
following cases, vp () < 12 so the equation must be minimal: vp (B) = 0, vp (B) = 2,
vp (B) = 3, vp (B) = 1 and vp (A) 1, vp (B) 4 and vp (A) 1. In the remaining
cases easy applications of Tate’s algorithm [7] show the equation is minimal unless
vp (A) 4 and vp (B) = 4. When vp (A) 4 and vp (B) = 4 we can make a change
of variables by shifting y to get
y2 + 8y = x3 + Ax + B − 16.
Since the residue ﬁeld is F2 and vp (B) = 4, we get that vp (B − 16) 5. Once again
Tate’s algorithm shows that the equation is minimal unless vp (B − 16) 6. But since
vp (B) = 4 the valuation of the discriminant is 12. Since the change of variables
decreases the valuation of the discriminant by 12vp (u) we must have vp (u) = 1. 
Now we need to ﬁnd bp. Note that from Eq. (15) once we know cp0 , . . . , c
p
bp−2 then
c
p
bp−1 can be calculated. Therefore, bp = 1 if and only if c
p
0 = Np12
(
1−Np−10). So
the above lemma shows that bp2. But the lemma also completely determines those
A,B which give a minimal Weierstrass equation. Therefore bp = 2 and it sufﬁces
to calculate cp0 . A simple counting argument with the characterization of the lemma
together with the fact that Np = 2 gives
c
p
0 = Np24 − #
(
p4
p12
× p
6
p12
)
− #
(
p4
p12
× p
2
p8
)
= 224 − 215.
From this using Eq. (15) we can also calculate cp1 . Now we are ready to calculate
fK
(
C
)
for the two ideal classes. Let C0 be the class of principal ideals and C1 be the
non-trivial class. We have
fK
(
C0
) = 4602687602377639945
4602683217219158016
, fK
(
C1
) = 4602678832060676087
4602683217219158016
.
Now the density of elliptic curves over K having a global minimal Weierstrass equation
is given by
1
hKK (10)
(
K
(
C0, 10
)
fK
(
C0
))+ K (C1, 10) (fK (C1)) .
For real quadratic ﬁelds, the Dedekind zeta function can be evaluated using Dirichlet
L-series and the partial zeta functions can be evaluated using a method due to Shintani
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[4]. Hence, in this particular instance we can give an exact answer. The density of
elliptic curves over Q
(√
65
)
having a global minimal Weierstrass equation is
275680334060204049241575847774709
551360144865850564171959317299200
≈ 1
2
+ 10−6.324.
This brings up the question of whether in general there is an approximately even
distribution among ideal classes. The answer is no. For example the quadratic number
ﬁeld Q
(√
85
)
has class number 2, the prime 3 is unramiﬁed and the prime 2 is inert.
It satisﬁes the hypotheses of Corollary 13 and hence the ratio can be calculated by the
simpler formula given in the corollary. In this case we ﬁnd that the ratio of elliptic
curves deﬁned over Q
(√
85
)
which have a global minimal Weierstrass equation is
67271573838501913
67273859703467650
 1− 10−4.469.
In fact, for any number ﬁeld K of degree n satisfying the hypotheses of Corollary 13
the ratio of elliptic curves deﬁned over K which have a global minimal Weierstrass
equation is greater or equal to 0.999−n because
K
(
C0, 10
)
K (10)
 1
K (10)
 (10)−n0.999−n.
Acknowledgments
This paper includes some of the results from the author’s Ph.D. Thesis (Brown
University, May 2002). The author would especially like to thank her advisor, Joseph
Silverman, for his encouragement and guidance. The author also thanks Siman Wong
for helpful conversations on the contents of this paper. Finally, the author thanks the
referee for his careful reading of the manuscript and for many useful comments.
References
[1] J.W.S. Cassels, An Introduction to the Geometry of Numbers, Springer, Berlin, 1971.
[2] A. Fröhlich, The discriminants of relative extensions and the existence of integral bases, Mathematika
7 (1960) 15–22.
[3] S. Lang, Algebraic Number Theory, Springer, Berlin, 1994.
[4] T. Shintani, On evaluation of zeta functions of totally real algebraic number ﬁelds at non-positive
integers, J. Fac. Sci. Univ. Tokyo Sect. IA Math. 23 (1976) 393–417.
[5] J.H. Silverman, Weierstrass equations and the minimal discriminant of an elliptic curve, Mathematika
31 (1984) 245–251.
[6] J.H. Silverman, The Arithmetic of Elliptic Curves, Springer, Berlin, 1986.
[7] J. Tate, Algorithm for Determining the Type of a Singular Fiber in an Elliptic Pencil, Lecture Notes
in Mathematics, vol. 476, Springer, Berlin, 1975, pp. 33–52.
